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The inhomogeneous heat-conduction equation with moving boundaries and a discontinuous coefficient of 
thermal diffusivity is solved in closed form. The solution is applied to the calculation of the amount of 
material  transferred from one electrode to the other when a de circuit is opened. 

Formulation of the Problem 

It is required to solve the problem 

au~ _ aT 0 %  at 7x ~ + b~, - -  ~11/F < x <0,  (1) 

Ot - -  a~ c?x ~ + b2, 0 ~ x < a2]/-'[- (2) 

with the boundary conditions 

ul ( - -  ~, d r ,  t) = unl, (3) 

//2 (a~ u t) = Un~ (4) 

and the coupling conditions 

//1(0, t) = //2 (0, t), (5) 

;~10u, (o, t) ~,20u2(O, t) 
0 - - 2 -  - ' (6) 

where a~, b i, a i, Urd, k i  are unknown constants. When Unl ~ Unz, the solution has a discontinuity at the point (0, 0). 
Therefore we shall require only that the solution be bounded in the neighborhood of (0, 0). 

We shall seek a solution of the form 

t 

+c,f J ( t -  "0 ~ exp [ 
0 

x~ ] 
4a~ (t - -  "0 d ~ q- D1, 

(7) 

u2 (x, t) = b2t + A~ eri x q- B2 t + 2a2 ;--7" q- 

t ; 'J exp[ + C2 (t-- "0 ~ 
0 

x~ ] 
a2 d -c q- D2, 

4 2 ( t - - '~ )  
(8) 

where Ai, Bi, Ci, and Di are arbitrary constants. 

It is easy to see that the first term in (7) and (8) satisfies the inhomogeneous equations (1), (2), the second, third 
and fifth terms satisfy the corresponding homogeneous equations, and the fourth term, as the thermal potential of a sire- 
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pie layer, also satisfied the homogeneous equations (1). The arbitrary constants Ai, B i, Ci, and D i should be determined 
from the conditions (3)-(6). For this we shall first transform the thermal potential of a simple layer. Let 

t j= h~ ]/-z~i - -  "v), h i = Ix [/2a, I / T  . (9) 

Then 

But it is well known [2] that 

and thus 

, . m  

If x -~- --  Offl/ t 

t 

~/T e x p [  x2 
Y ( t - - , ) "  4 a ~ ( t - - , ) ]  
0 

d .: = l ~ (hi), (10) 

"~(hi) = 2h i exp(--h~) i 92exp ( - -  Y 2 ) ( Y ~  -}- h2 )2 d!/. 

0 

~ 9 2 e x p ( _  92) 

0 
2 2 

F q  
"z(hi) = -~- (1 + 2h~ ) erfch i - -  g ~hi exp ( - -  h~ ). 

or x = ~21/T, then h i = ai/2a i. Consequently, 

(11) 

, (12) 

(13) 

(2) (5) 2ai 
(14) 

and if x = 0, then 

y. ( 0 )  - = / 2 .  (15) 

Determination of the Coefficients 

Now it remains to choose the arbitrary constants Ai, Bi, Ci, and D i so as to satisfy" conditions (3)-(6). Condition 
(3) yields 

bit + Ai er[ __ ~i + B1 t + 2a 2 t + C 1 7,1 t -@ D 1 = Unl. 

Equating the coefficients of the right-hand and left-hand sides, we obtain 

9 2 
bl+B1 (I 4- aT/2al) + C l z l =  0, 

Alerf ( - -  al/2al) + D1 = unl. 
(LG) 

In an analogous way, equation (4) yields 

b2 + B~ (1 4- ~2/2a2) -F C2 ~ = O, 

A2 err (~J2a2) + Dz = un2. 

(17) 

Applying condition (6), we obtain 

= 
bit+ B {  + C 1 2 t  + D I :  bd + Bd + C~ - E" t + D2, 

and hence 

bl + B1 + -2 C1 - -  + + T 

D l =  D2. 

(18) 
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Taking into account that 
t 

2exp [ - -  xY4a~ t I x ~ x exp ~)l 
Oui - -  A~ 2a~ (t - -  "~)~I" Ox t / ~  " 2a~ V{-  + B~ ~ --  C~ [.-x~/4a~ (t - 

0 

and 

lim "0 "/' exp d'~ + ...... , 
~-~Od 2a~ (t - -  4a~ (t - -  "~) a~ 

0 

equation (6) gives 

A1 
~1 aiV,= V t  r-] o. a~ 

which determines the two conditions 

7 -  A~, 
a ~ r  a~ V ~  

~,I ] / '~ 'Cl == ~,,'2 Ir C.., 
al a~, 

(19) 

The system of equations (16)-(19) splits into two independent systems: 

(1 + a2/2a~) B I +  XlC~ = - -  b~, 

(1 +a~/2a~2)B~ + z~C2 ----- - -  b2, 

�9 ,g, ,g 
BI  "-t- V c l  " B g ,  y C2 = b2 - -  b l ,  

X~ C~ + X_~9, C~ = O; 
al a~ 

A1 err (-:- ~/2at)  + DI = u.~, 

A~ erf (ad2a~) + D2 = u.~, 

DI ~ D~, 

~--!-~ A ~ = ~._2 A2 . 
a~ . a2 

Solving the systems (20) and (21) we obtain 

A1 = 
al X~ (u.2-- u .0  

al ;~2 erf (~1/2ai) + a2Xl erf (a~/2a2) 

Ag, 

O 1 ~ 0 2 = 

a~ Xl (u, ,2--  u,,O 

al X2 err (atl/2al) + a~ ~,1 err (a~/2ag,) ' 

urinal X~ err (ai/2al) + u,,la#,l.eri (a~/2ag,) 

ai X2 eri (~1/2al) + a2 kl.er[(ad2a2) 

C1 = 2alXg, [(b2-- bx) | + b1 ~ - -  b~ 0~11 
a lx#2 (~m - 2xi) +ag,Xlo,1 ( = ~ r  2x~) 

C2 --  2a2~1 [(bl-- bg,) ~pg, + b # l  - -  b~ ~%1 

B 1 -  xl C 1 -  b---!-1, Bg, = ~ x--L C ~ -  b_& 
~1, ~1 ~ 1119, 

(2o) 

(21) 

(22) 
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where 

2 2 
o h = 1 q -  ~ / 2 a ~  . (23) 

As a prac t ica l  appl ica t ion  of these results, we shall consider the bridge erosion of e lec t r ic  contacts. 

During the opening of e lec t r ic  contacts there forms a bridge of mol ten  electrode meta l .  In the absence of an arc 

discharge, this liquid bridge results in the transfer of ma te r i a l  from one e lect rode to the other. In the case of dc relays 
carrying a light load, the transfer of ma te r i a l  by means of the liquid bridge is a most deleterious effect, which results 
in the premature wear of the contacts and in unrel iable  operation with smal l  contact  forces. 

It is known that the temperature fields in the liquid cylinder and in the adjoining solid contact  electrodes are one-  
dimensional.  Therefore we shall choose the x axis to coincide with the axis of the cylinder,  and we shall choose the 
origin to be at the point of contact  of the two electrodes.  

The problem of the advancement  of the l iquid phase into the solid electrodes can be reduced to the allalogous 
problem of freezing. Using the approximate  method of solution of such problems [3], the advancement  of the l iquid 
phase into the solid phase can be represented by the equation 

X1 = - -  : 1 / F ,  Xg~ = Ct 2 ~ F ,  (24) 

where cz i are coefficients determined from the equations 

)'i (Ub--urn)  2 (u m -  Uoi ) 
a t a ] / - ~ -  = q Y ~ i  ( i =  1, 2). (25) 

The length of the liquid bridge at a given instant of  t ime  can be determined from 

l = (0[ 1 + ~2) 1// t + V t .  ( 2 6 )  

In most contact  mater ia l s  the value of cx i is of the same order as the speed of separation of the contacts V. Consequent- 
ly,  for small  values of t, a i F / [  - ) >  Vt ,  so that the value Vt can be neglected.  

The mean  d iameter  of  the liquid bridge is given by the equation 

d i n =  ~ do I .  (27) 

When the e lec t r ic  contacts are of the same mater ia l ,  then a21 a 2 = 2 = a 2 ,  ~,1 = ~,2 = ~,, Um 1 = Um2 = u m ,  b t  = 

= b2 = b =:- 9 ig./y c f l .  But due to the tunnel effect the temperature  of the contact  surface of the anode is higher than 

that of the cathode and, consequently, a t >" a 2. 

Thus, in this case the coefficients in (7) and (8) are, in accordance with (22), 

A t - - - - - A 2 = 0 ,  D , = D 2 = a m ,  

G = G = b ( ~ 2 - -  (0,) , 

7~W1(02 "-- X1(t)2 - -  X2~, (28) 

B1 - -  "zl Cx b By-- x2 C 2 -  b 
~1 (01 tO9 0~2 

Actually,  we are interested in the volume of ma te r i a l  transferred during one opening of the circui t  v = x0F. The de te r -  
mina t ion  of x0 and the corresponding tkrne to reduces to a problem of  finding an extremum of an impl ic i t  function, i. e . ,  
to determining the root of the system 

U (Xo, to) = Ub; , 

(29) 
8u(%, &) _ 0 .  

8x 

For the le f t -hand side of the bridge these equations become 
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btoi + Bt toi + -~a2] + Ci .t (tol - -  x) ~ 
0 

XO l ] 
4a a (tot - -  ~) d ~ n t- D1 = u b, 

tO1 

a ~ 2aa~-ol=-~)/, e x p  4 a a ( t ~ [ _ . c  ) . 

(30) 

Using equations (9), (10) and (11), we obtain 

btoi + Bt (to1 "l- 2h/oi) + Cttol x (hi) = u b ~ D1, 

- -  Bi 2hi 1/'To~ Ci to1 x' (hi) --~ 0, 
a 2a V toi 

(31) 

where 

x' (hi) = 2 V/'~ -- (Vr~-ht erfc h~ - -  e x p  ( - -  h~). 

Hence 

tot = (uK--Um) [b + Bi  (l + 2h 2) + C~ z (h~)] -~ ,  (32) 

h, = C11 /~-  (ex p ( - -  h 2) 1 /~-h t  er ic  h,). (33) 
2B1 

In an analogous way we obtain the equations for the right-hand side 

ton = (Ub--Um) [b+B~ (1 +2h~)  + C~ x (h~)1-1, (34) 

h2 = ( e x p  [ - -  hz e] + ]/-~-ha eric ha) Ca 1/-~-/2Sa. 
(35) 

It is easy to see that C1/Bi and Cz/B 2 have different signs, so that equation (35) has one root, and (33) has no roots. 
Physically, this means that the bridge can burn at one point only, either at left or at right. 

Substituting the value of hi (or hz) into (32) [or (34) ], we determine the t ime of burnout of the bridge t01 (or t02), 
and then find the coordinate of the point of burnout according to xoi -~ - -  2aht VTox or xo2 = 2ah~ V ton. 

The volume of the mater ia l  transferred during one opening of the circuit is given by the equation v = 2aFh Vio.  

Numerical  Example 

We shall calculate the bridge erosion of platinum electrodes due to the opening of a circuit carrying one ampere of 
current. The thermophysical constants of platinum are as follows: Pz0 --- 11 �9 10"6 ohm �9 cm, a = 0.5 cm/sec i/z, k = 
= 0.7 W/cm �9 deg, u b = 4663"K, u m = 2026~ o = 10-8 ohm " cm z, 7 = 21.4 g / cm 3, 7c = 2. 8 J / cm 3 �9 deg. 

The diameter  of  the liquid bridge in platinum is given by the expression 

dr---- ~ d  0-= 1 7 , 8 ~ - 1 0  -5  cm.  

The temperature of the cathode uz for a contact-surface radius r = 8.9 p �9 10-5 cm is given by the expression [3] 

Ualt=o =: 5 Paoi2/32 ~ r ;  Ua - -Uo~ = 5 8 3  ~ K. 

The mean temperature in the mel t ing zone of the anode is 

u o , =  (uoa+Um)/2; uoi = 1304 ~ K. 

Substituting Uol or uo2 in (25), we obtain a l  or az, respectively 

at ~ 0.68 cm/sec 1/z, a a = 0.53 era /see  l/z. 
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For the determination of the coefficient b we have used the resistivity p = lOpz0, which in the case of platinum 
corresponds to the boiling point: 

b -= 10 %oI2/~4y cF 2, b----- 1/~ ~ .6 .47 .101~  deg/sec :  

The values w I and wz are given by 

0~1 = 1 -b a~/2 a~, t~ = 1.925; 

oJ2~" 1 .4- a~/2a ~, t% ----- 1.56. 

Equation (13) yields 

Equation (28) gives 

xt = 0.256,  z2 = 0.385. 

Cl = - -  1 0 . 2 8 " 1 0 1 ~  deg/sec,  C2 1 0 . 2 8 . 1 0 ~ 0  deg/sec ~4 ~4 

and 

1 1 
B1 - -  3 . 3 2 . 1 0  l~ deg/sec, B2 : - - - -  4 .21-  101~ deg/sec.  ~4 ~4 

Taking into account that C1/B 1 > 0, equation (33) yields 

hi  = 0 .075 .  

Equation (32) gives 

t o l = ~  4. 0 .972" 10 -7  see, 

Using the value p = 0.56 [4], we find the volume of metal  transferred during one opening of the circuit: 

v = 5 . 7 7 . 1 0  - 1 .  cm s per opening. 

Calculations for gold, silver and palladium give v �9 1014 = 4. 49, 7.66, and 6. 31, respectively. The amount of 
metal  transferred at different values of the current was measured with great precision by Lander and Germer [5], using 
shadowgraph and microscopic methods. Curves drawn through their experimental points represent, in the case of plati-  
num, silver, gold, and palladium, the equation 

v = 6 . 1 0  -1~ 13 cm 3 per opening. 

obtained analytically, are in excellent agreement with experimental data. Thus, our results, 

NOTATION 

u01, u0z - initial temperatures of contact surfaces of anode and cathode; Ub, u m - boiling and melt ing temperature, 
respectively; p - ratio of smallest diameter in central part of bridge to the maximum diameter at the anode d M = d0~ 
do - proportionality factor; I - current [4]; I - specific gravity; c - specific heat; p - resistivity; F - area of mean 
cross-section of bridge; x0 - coordinate of the point at which the temperature first reaches the boiling point u b. 
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